In this paper firstly, the Tachibana operators were applied to 1−form, vertical, complete and horizontal lifts with respect to almost paracomplex structure I D (The diagonal lift I D ) on cotangent bundle. Secondly, the Vishnevskii operators were applied to 1−form according to the diagonal lift I D on cotangent bundle. Finally, covariant derivatives of almost paracomplex structure I D with respect to vertical, complete and horizontal lifts were obtained.
Introduction
The tangent bundles of differentiable manifolds are very important in many areas of mathematics, physics and different topics of geometry (see [3, 13, 14, 17, 26] for curves etc.). The geometry of tangent bundles goes back to the fundamental paper [24] of Sasaki published in 1958. Cotangent bundle is dual of the tangent bundle. Because of this duality, some of the geometric results are similar to each other. The most significant difference between them is construction of lifts (see [27] for more details). In 1952, para-complex manifolds, almost para-Hermitian manifolds and para-Kähler manifolds were defined by Libermann [15] (see [1, 11, 10, 25] for Kähler manifolds, Kähler-Norden manifolds and almost complex manifolds). In 1985, Kaneyuki and Williams defined the almost para-contact structure on a pseudo-Riemannian manifold M of dimension 2m + 1 and constructed the almost para-complex structure on M 2m+1 × R [12] .
Let M n be an n−dimensional Riemannian manifold of class C ∞ and with metric g, T * M n its cotangent bundle and π the natural projection T * M n → M n . A system of local coordinates (U, x i ), i = 1, ..., n in M n induces on T * M n . A system of local coordinates (π −1 (U), x i , x¯ı = p i ),ī := n + i = n + 1, ..., 2n, where x¯ı = p i is the component of covectors p in each cotangent space T * x M n , x ∈ U with respect to the natural coframe {dx i }.
Let X = X i ∂ ∂ x i and ω = ω i dx i be the local expressions in U ⊂ M n of a vector and a covector (1−form) fields X ∈ ℑ 1 0 (M n ) and ω ∈ ℑ 0 1 (M n ), respectively. Then the complete and horizontal lifts
with respect to the natural frame
, where Γ h i j are the components of the Levi-Civita connection ∇ g on M n [19, 27] .
[ [5, 8, 27 ]
is called as covariant derivation with respect to vector field X if
On the other hand, a transformation defined by
is called as an affine connection [22, 27] .
Proposition 1.
Covariant differentiation with respect to the complete lift ∇ C of a symetric affine connection ∇ in M n to T * (M n ) has the following properties:
Proposition 2. Covariant differentiation with respect to the horizontal lift ∇ H of a symetric affine connection
∇ in M n to T * (M n ) satisfies ∇ H X H Y H = (∇ X Y ) H , ∇ H θ V ω V = 0, ∇ H X H ω V = (∇ X ω) V , ∇ H θ V Y H = 0, for any X,Y ∈ ℑ 1 0 (M n ), θ , ω ∈ ℑ 0 1 (M n )[27].
An special type of almost paracomplex structure (the diagonal lift I D ) in the cotangent bundle
An almost paracomplex manifold is an almost product manifold (M n , ϕ), ϕ 2 = I, such that the two eigenbundles T + M n and T − M n associated to the two eigenvalues +1 and -1 of ϕ, respectively, have the same rank. Note that the dimension of an almost paracomplex manifold is necessarly even. Considering the paracomplex structure ϕ, we obtain the set {I, ϕ} on M n , which is an isomorphic representation algebra of order 2, which is called the algebra of paracomplex (or double) numbers and is denoted by R( j),
) is said to be a pure with respect to the paracomplex
for any
We define the operator φ ϕ associated with ϕ and apply to the pure tensor field ω :
where L X denotes the Lie derivative with respect to X. We note that φ ϕ ω ∈ ℑ 0 q+1 (M 2n ). If φ ϕ ω = 0, then ω is said to be almost paraholomorphic with respect to the paracomplex algebra R( j) (see [4, 19, 22] ). 
Definition 3. In a manifold with almost paracomplex structure ϕ, a vector field X is called an almost paraholomorphic vector field if L
where R is the curvature tensor of ∇ and the term involving the Lie derivative on the connection ∇ is given by
2 Main results
The Tachibana operators applied to 1−form, vertical, complete and horizontal lifts with respect to almost paracomplex structure I
is called a Tachibana operator or φ ϕ operator on M n if (a) φ ϕ is linear with respect to constant coefficient,
where L Y is the Lie derivation with respect to Y,
the module of all pure tensor fields of type (r, s) on M n according to the affinor field ϕ [4, 6, 7, 22] (see [23] for applied to pure tensor field).
Theorem 2. For L X the operator Lie derivation with respect to X, an almost paracomplex structure I
defined by (11) , φ I D the Tachibana operator on M n , we get the following formulas
(
where R is the curvature tensor of
Proof. From (11) and (13), we have (11) , φ I D the Tachibana operator on M n , we get the following results
where L X the operator Lie derivation with respect to X, X C ,
Proof. From (5), (11), (12) and definition 4, we have 
Then we can consider a new operator by a Vishnevskii operator or ψ ϕ −operator on M n , we shall mean a map ψ ϕ : *
, which satisfies conditions a), b), c), e) of definition 4 and the condition (d ′ ) [6, 7, 22 ] (see [9, 18] for different type operators).
Let ω ∈ ℑ 0 1 (M). Using Definition 5, we have
Conclusion
The paper deals with Tachibana operators, Vishnevskii operators applied to lifts with respect to almost paracomplex structure I D (The diagonal lift I D ) and covariant derivatives of almost paracomplex structure I D on cotangent bundle T * (M n ). Firstly, the Tachibana operators were applied to 1−form, vertical, complete and horizontal lifts with respect to almost paracomplex structure I D (The diagonal lift I D ) on cotangent bundle. Secondly, the Vishnevskii operators were applied to 1−form according to the diagonal lift I D on cotangent bundle. Finally, we obtain several new results about covariant derivatives of almost paracomplex structure I D with respect to vertical, complete and horizontal lifts on T * (M).
